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Abstract 

We obtain several averaging lemmas for transport operator with a 
force term. These lemmas improve the regularity yet known by not 
considering the force term as part of an arbitrary right-hand side. Two 
methods are used: local variable changes or stationary phase. These new 
results are subjected to two non degeneracy assumptions. We character- 
ize the optimal conditions of these assumptions to compare the obtained 
regularities according to the space and velocity variables. Our results 
are mainly in L 2 , and for constant force, in LP for 1 < p < 2. 

Resume 

Nous obtenons plusieurs lemmes de moyenne pour des equations de 
transport avec un terme de force. Ces resultats ameliorent la regularite 
connue en ne considerant pas le terme de force comme un terme source 
arbitraire. Deux techniques sont utilisees : des changements de vari- 
ables locaux ou des phases stationnaires. Ces resultats sont quantifiers 
par deux hypotheses de non degenerescence. Nous caracterisons les 
conditions optimales de ces hypotheses pour comparer les regularites 
obtenues, par rapport aux variables d'espace et de vitesse. Les resultats 
sont principalement dans L 2 , et pour le cas constant, dans LP pour 
Kp< 2. 
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1 Introduction 

Averaging lemma is a major tool to get compactness from a kinetic equation. 
([7j, ...). Such results have been used in a lot of papers during these last years. 
Among this literature, an important result using an averaging lemma as a 
key argument is the proof of the hydrodynamic limits of the Boltzmann or 
BGK equations to the incompressible Euler or Navier-Stokes equations Q16J). 
Another major application consists in obtaining the compactness for nonlin- 
ear scalar conservation laws (in [25]) which allows, for instance, to study the 
propagation of high frequency waves ([6]). 

Basically, averaging lemma is a result which says that the macroscopic quanti- 

ties J f(t,x,v)tp(v)dv have a better regularity with respect to (t,x) than the 

microscopic quantity f(t,x,v) where / is solution of a kinetic equation. 
For example, in [9] and [2], the following result is established. 

Theorem [DiPerna, Lions, Meyer — Bezard] 

Let f, g k £ L p (R t x R^ x R* f ) with 1 < p < 2 such that 

d t f + div x [a(v)f}= E d v9k, (LI) 

|fe|<m 

with a e iy mi °°(]R M , R N ) for m 6 N. Let ip e W m '°°(R M ) with compact support. 
Let A > such that the support ofip is included in [—A, A] M . We assume the 
following non-degeneracy for a(.): there exists < a < 1 and C > such that 
for any (u, a) G S N and e > 0, 

meas ({v E [-A, A] M ; u - e < a(v) ■ a < u + e}) < Ce a . 

Then 

pJt,x)= f(t,x,v)ip(v)dv 
is in W s,p (R t x R^) where s = , p' being the conjugated exponent for p. 

Regarding equation fll.ip . the obtained regularity is proved to be optimal, see 
[23] and [24J. In [11], the gain of a half- derivative in L 2 context was proved as 
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optimal. A study in the case of a full derivative with respect to x in the second 
member is done in [21] . We also refer to [10] and [I] for other results about 
averaging lemmas. Regularity of / itself is also challenging, for example by 
assuming some regularity with respect to v , see [3], [H] and pQ for such results. 

Theorem here above says for example with m = 1 that for the equation 

d t f + a(v) -V x f = g- F(t, x, v) ■ V v g, (1.2) 

the obtained regularity is W s ' p (R t x R^) with s = 7^7. When we consider 
equation 

d t f + a(v) ■ W x f + F(jt, x, v) ■ V„/ = g, (1.3) 

that is to say that g = f, it is classical to consider the term F(t, x, v) ■ V v f 
being part of the right-h and side and to obtain the regularity W s ' p (Rt x R^) 
with s = But for (11 .3j) . the derivation with respect to v is only on / 

through the transport equation and not on an arbitrary term g. That is to 
say, the conventional method is losing information because this term is part 
of characteristics and the right-hand side terms are in L 2 , i.e. for m = 0, and 
the obtained regularity should be W s ' p (R t x R^) with s — p. 

This is the first motivation of this paper and one of the result we get. 
Few other papers deal with averaging lemma avoiding to consider the accelera- 
tion term as a source, namely [12] . [14] . But they are based on a transversality 
assumption on a(.) restricting the generality to the case a — 1. 
Notations for (TO]) are f(t, x,v) 61 with t G R, x G R^, u G R A/ , a : R A/ — ► R N , 
F : R x R N x R M -> R M and 

V Af 

a(u) • V a / = 51 a *( w ) F (^ v ) • V„/ = J] u) 9 V J- 

i=i i=i 

In this paper, we will prove the following averaging lemmas on equation (11.31) . 
Theorem 1 (L 2 result) 

Letae C N+3 (RM,R%), F G C N+3 (R t xR» xRf ,Rf ), f,g G L 2 (R t xRf xRf ), 
satisfying M.3\) . Let A > and ^ G C ( ! V+2 (R A/ ) fre st/c/i £/iat the support ofip 
is included in [— A, A] M . We assume that there exists < a < 1 and C > 
stzc/i i/ia£ for any (u, a) G S and e > 0, 

meas ({u G A] M ; u - e < a(v) ■ a < u + e}) < CV*. (1.4) 

T/ien i/ie averaging 

p^(t, x) = J ^ f(t, x, v)ip(v) dv 

is inK{ 2 (R t xR^). 

Remark 1.1 We notice that we obtain a/2 instead of the well known a/4 when 
the acceleration term F ■ V x f is considered as a right hand side with no par- 
ticular relation to f . 
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Remark 1.2 For Vlasov equation, the classical application of averaging lemma 
is the DiPerna, Lions, Meyer Theorem which gives the compactness for p^ 
with an operator of the kind U.3\) applying the result with g\ = —F ■ f when 
F G L^ c . More precisely, if f n , g$ and g" = — F n ■ f n are solutions of M.l\) 

Oi 

with some bounds in L p , then p 7 ^ is bounded in W s ' p (R t x ^x) with s = 

and thus is compact in W s ' ,p (Rt x K^) with s' < s. For p = 2, it is compact in 
H s (R t x R^ ) with s' < ^ . By this way, paper JBjj proves the existence of weak 
solutions for Vlasov- Maxwell. With Theorem 1, the obtained compactness is 

I loci 



in HtJRt x R?) with s' < 



When the force is constant, we obtain a global regularity result with a less 
smooth test function. 

Theorem 2 (L 2 result with F constant) 

Let a G C^(Mf ,R%), F(t,x,v) = F 6 R M , F ^ 0, f, g G L 2 (R t x x 
R^ 1 ) satisfying $1.3\) where we assume that function a(-) satisfies the following 
condition with ■y, which is a positive integer, such that 
VO, a) G R M x S N , cr = (er ,cri, • • • ,a N ), a = (at, • ■ ■ , a N ), 

7-1 

\a + a(v).a\ + J2\(F-V v ) k a(v)-a > 0. (yND) (1.5) 

k=l 

Let ij) G Cl{R^), then the averaging 

pJt,x)= f(t,x,v)if)(v)dv 

is in H l ^(R t xlf). 

Remark 1.3 The proof of Theorem^ is not valid when F = 0. So this theorem 
does not give an averaging Lemma for the kinetic equation d t f+a(v)-'V x f = g. 

Remark 1.4 The case of a nonzero constant force field is not without interest, 
as it appears for instance when considering gravity effects in the kinetic theory 
of neutral gases. 

Remark 1.5 [M = 1, one dimensional velocity ] 

1. The Sobolev estimate for p^ comes from optimal bounds in stationary 
phase lemma. Then, with only f,g G L 2 and M = 1, we expect Theorem 
to give the best Sobolev 's exponent. 

2. Since 7 > iV + 1 (see Proposition^ for this inequality), with only f, g G 
L 2 , we expect to belong at most to H 1 ^ N+1 \Rx +l ) when M = 1. 

3. With scalar velocity, the condition (jND) is similar to a non degeneracy 
condition given in J73j/ about averaging for operators with real principal 
symbols. More precisely it is the condition (5) of Theorem 4 with t = v 
and £ = F in [13]. But our result yields a better smoothing effect, the 
gain of regularity for the average is I/7 instead of 1/(2(7 — 1)) ^ n W 
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Next Theorem is a comparison between the two previous results. It shows that 
Theorem [I] does not give the best Sobolev exponent when M = 1 and that 
Theorem [2] is not optimal for M > 1. 

Theorem 3 For N > 2 and M = 1, Theorem^ gives a stronger smoothing 
effect than Theorem U\ for the best 7 = 7^ compared with the best a = a op t 
since 

1 _ 1 a opt _ 1 



lo P t N + l 2 2N 

Conversely, for N = M, Theorem^ can give one half derivative with the best 
a — 1. 

Remark 1.6 For scalar velocity (v G R, M = 1), we characterize in Theorem^ 
the b est p arameter a for the classical non degeneracy condition, namely condi- 
tion Ji.jp . This characterization is mentioned in few works, see f2R \17\f , but 
the proof of optimality is a new result. This kind of characterization also gives 
new results for scalar conservation laws, see fiP]/ . 

Finally, we find out two results in LP framework. 

Theorem 4 (First LP result with F constant) 

Let a G C N+3 (R A V I ,R^), F(t,x,v) = F G Rf ; f,g G L p (R t x R^ x Rf) ; 
satisfying $1.3\) . Let A > and if) G C^ +2 (M. AI ) be such that the support oftfi 
is included in [— A,A] M . We assume that there exists < a < 1 and C > 
such that for any (u, a) G S and e > 0, 

meas ({v G [-A, A] M ; u - e < a(v) ■ a < u + e}) < Ce a . (1.6) 

Then the averaging 

pJt,x)= / f(t,x,v)ip(v)dv 

OL 

is in WjifCRt x RiJ w^/j s = — . 

p/ 

Theorem 5 (Second L p result with F constant) 

Let a G C^Rf ,R^) ; F(t,x v) = F G R^, F ^ 0, /, g G L^xR^ xRf ) 

1 < p < 2, satisfying U.3\) . where we assume that a(-) satisfies the following 

condition with 7, which is a positive integer, such that 

VO, a) G R M x S N , a = (a ,a u ■ ■ ■ ,a N ), a = (<r u ■ ■ ■ , a N ), 

7-1 

\a + a(v).a\ + J2\(F ■ V v ) k a(v)-a > 0. (jND) 

k=l 

Let ip G Cl(R^f), then the averaging 

pJt,x)= / f(t,x,v)if>(v)dv 
Jr 

is in W s ' p (E. t x Rf ) with s — -y. 
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Remark 1.7 These results are presented with time dependence because it is 
more useful in applications. 

In the proof of next sections, we take the following notations. We set X = (t, x) 
and b(v) = (l,a(v)). Then ( li.gj) can be rewritten as follows: 

b{v)-V x f + F{X,v)-V v f = g, (1.7) 

where X £ R N+1 , v £ R M . 

Here is how the paper is structured. 

In Section 2, we prove Theorem 1 for a smooth force field. In Section 3, 
we prove Theorem 2 for a constant and non zero force field. In Section 4, 
we compare both results (Theorem 3) and finally in Section 5, we prove the 
extension to L p spaces for contant force (Theorem 4 and 5). 

2 First Theorem in the L 2 framework 

We first recall the following classical averaging lemma (see |15j . [5]). 

Proposition 1 (Golse, Lions, Perthame, Sentis) 

Let a £ Lf£ c (R M ,R N ), f,g £ L 2 (R t x x R^f), such that 

d t f + a(v)-VJ = g. (2.1) 

Let i\) £ L°°(R^), with compact support in some [— A,A] M , such that there 
exists < a < 1 and C > such that 

meas ({« £ [-A, A] M ; u - e < a{v) ■ a < u + e }) < Ce a (2.2) 
for any (u, a) £ S N and e > 0. Then the averaging 

pAt,x)=l f(t,x,v)ip(v)dv 

JR M 

is in H a / 2 (R t x R^) with the estimate 

\\p4b°/* < C(N) + VK\\1>\\ Laa ) {\\f\\ L2 + \\g\\ L2 ) . 

We use this averaging lemma to prove an other result, which deals with test 
function depending on (t,x,v). 

Proposition 2 (Averaging Lemma with test function in (X,v)) 
Let a £ L% c (Rff,R%), f,g £ L 2 (R t xlf x E* f ) ; such that 

d t f + a(v) ■ VJ = g. (2.3) 

Let -ip £ Z^°(lR* f , W N+2 '°°(Rte +1 )) with compact support with respect to v in 
some [—A, A] M . We assume that there exists < a < 1 and C > such that 

meas ({v £ [-A, A) M ; u - £ < a(v) ■ a < u + e}) < Ce a (2.4) 
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for any (u, a) G S N and e > 0. 

Then, for any compact K , there exists a constant C (N, K) such that the av- 
eraging 

p 1 p(t,x) = / f(t,x,v)ip(t,x,v)dv 

is in H"J c 2 (R t x with the bound 

\Mh%/ 2 ^ C ( N ' K ) (ll/IU 2 + IMU 2 ) \\^W(L2nL°°) v (w t N x +2 n- 

Proof. We fix a compact K on X. We take K = [-S, S] N+1 such that K C K 
and x a C°° function such that x = 1 on K and outside K. Finally, we set 

i> = i>x- 

Since ip has a compact support with respect to X, we can extend it by pe- 
riodicity in these variables. Then the Fourier expansion with respect to X 
gives 

j(X,v)= £ c {v)e iS ?- x . 
We write this formula through 

/ \ piSp-X 

with r = JV/2 + 1. We set 

e iS/3-X 

MX) = y^^p and Mv) = (1 + l/TM")- 

We use the decreasing of Fourier coefficients for W N+2 '°°(M.x +1 ) function, that 
is to say that 



(S\P\) 



Thus we have 



dv 



K / 3e(Z Ar + 1 )* 

< / R „ E (i + l/JD 2 !^^.)! 2 ^ 



- sSn L, J 4l) . lift. <*" 

4C 1 

< ^tv+I £ utoIIV'II^^.oc) < +oo. (2.5) 
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On K, we notice that 

p^X) = I f(X,v)il>(X,v)dv X (X) 



f(X,v)iP(X,v)dv, 

f M f( x > v ) E Mx)Mv)dv. 



To apply Fubini's Theorem, we need that, for a.e. X 



£ \f(X,v)MX)Mv)\dv<+oo. 



It comes from 



< f \f(x,v)\ \Mx)Mv)\dv 

m i3e(z N + 1 )* 



< 



2 



< \\f(x,-)\\ a 



v /3e(Z JV + 1 )* 



, E \Mx)\ 2 L E \Mv)\ 2 dv 

\ /3e(Z JV + 1 )* (36(2^+!)* 



< 11/(^-011 



E n+iOT J RM E hM«)l 2 *> < +°° 

(JN+1\* \ L * \H\ J JK Rc(7>N+l\* 



since 2r > N + 1 and from (12.51) . Thus we can write, on K, 



P^(X) = / f(X,v)ip p (v)dv. 
The classical averaging lemma (Proposition [I]) gives that 

\\p^\\ h »/* < c(N) (||^|Ua + Vc\\Ml~) (Wfh* + IMIlO • 

We now use the following property: For u\ E C S (Q), u 2 E H S (Q), with s E}0, 1[, 
with Q a bounded open set of R N+1 , we have u±U2 E H S (Q) with 

||wiu 2 ||/f= < C'3||Mi||c«||M2|| J F^- 
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This result gives, for s = a/2, 

\\Plh || rja/2 



K 



< c 3 W ( i ) p\\c a/2 \\pipJH a/2 

(3€Z N +l K K 



< c 4 £ \\M\<&* (Ml*- + (H/ll*» + MM + c *\M\bs?> 




9\\L*) + W\ci 



{i?nL~) v {w% +2 >°°) + \m\c?+ 2 



Since N + 2 — a/2 > N + 1, the proof is completed. □ 

With this Proposition now stated, we can go into the proof of our first Theorem. 

Proof of Theorem [IJ Let K be a compact in R^ +1 . We set /C = K x 
[—A, A] M . We perform locally a change in variables in order to rewrite equation 
( 11. 7j) without the term V v / and to apply previous result. For any (X , uo) G ^C, 
using the characteristics since b{v) = (l,a(v)) ^ 0, there exists Bx v C /C a 
neighborhood of (X ,vq) and a C N+3 diffeomorphism 

(X,w) ^ %(X,w) = (X,V (X,w)), 

such that on £>o we have 

b(V (X,w))-V x V (X,w) = F(X,V (X,w)). (2.6) 

Let u s ex plain more precisely how to define the diffeomorphism $o from equa- 
tion (12.61) . Since b(v) = (l,a(t>)), X = (t,x) and X = (to,Xo), equation (j2.6j) 
can be reformulated as a nonlinear hyperbolic system (where w is a parameter) 

d t Vo(t,x;w) + a(Vo(t,x;w))-V x Vo(t,x;w) = F(t, x,V (t, x;w)), (2.7) 

completed by the initial data 

\/ (t ,x;w)) = w. (2.8) 

By the classical method of characteristics, for each w, there exists a neighbor- 
hood of (to,xo) where Vq is well defined and smooth. The characteristics are 
smooth with respect to the parameter w, thus Vo(t,x,w) is well defined on a 
neighborhood of (to,Xo;vo). Notice that d w Vo(to,x;w) = id^M, with zc/rm the 
identity operator on R^ 1 , and det(-D$o) = det(d w Vo), so reducing if necessary 
the previous neighborhood, $o is a diffeomorphism on Bo- 
Denoting by f (X,w) = f(X^ (X,w)), g (X,w) = g(X,V (X,w)), b (w) = 
b(Vo(X, w)), the equation ( 11.71) rewrites 

bo{w) • Vx/o = go- (2.9) 
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Now, there exists a finite number of B to recover this compact, i.e. there exists 
{(Xi, vi)}i = i t ... t L, with the associated diffeomorphim : B\ — > B l , §i(X,w) = 
(X, Vi(X, w j), such that /C C U B l . For this recovering, we use a partition 

1=1, --^L 

of unity, we have 

f(X,v) = f{X,v)l K {X,v)=Y,f{X,v)xi{X,v) 

1=1 

where function xi are C°° and have a compact support in B l . 

Denoting again by f t (X,w) = f(X,V t (X,w)), gi(X,w) = g(X,V t (X,w)), 

b[(w) = b{Vi{X,w)) on Bi and 

/'[X] = {v G R M such that (X,v) G B 1 }, 
I t [X] = {w E R M such that (X,w) E B{\, 

we have the following decomposition. It is 

p^X) = Y,lfi{X,v)xi{X^{v)dv 
1=1 J ^ M 

= E/ f(X,v) X i(X,v)i;(v)dv 

= E/ f{X,w)xi(X,V l (X,w))il;(V l (X,w))J l (X,w)dw. 
i = i JIi[X] 

where we can perform the variable change v *—>■ w = V(X, v) on every neighbor- 
hood B l corresponding to I and denoting by Ji(X, w) the associated jacobian, 
i.e. Ji = |detD$/| = \detd w Vi\. 

We set Wi(X,w) = xi{X,V(X,w))il;(V(X,w))Ji{X,w). Since a and F have 
C N+3 regularity, J/ has C N+2 one. Furthermore ip G C^f +2 , thus ^ G (L 2 fl 
L°°) c (lR* f , W /Ar+2 ' 00 (M^ +1 )). We apply previous result, namely Proposition [2], 
on the averaging 

p--(X) = f f(X, w)W l (X, w) dw which is in h£(R» +1 ). 

L 

Finally the inequality ||/)^|| fl . a /a < ||/>x-||^ a /2 concludes the proof. □ 

K i=i ' K 

3 Case of a constant force field 

When F is a non zero constant vector, we can obtain a different result. The 
way to get it is quite different and we have to be restricted to the case of a 
constant force field. A key tool here is a generalized uniform v ersio n of the 
classical method of the stationary phase. We work on equation ( 11.71) with F 
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constant, F G R M , F / 0. Let us denote a directional v— derivative along 
vector F by 



D 



F-V v . 



(3.1) 



The smoothing effect depends on (jND) assumption of Theorem [21 Indeed, it 
is exactly the following non- degeneracy condition about D-derivatives of &(.): 



\/(v,a) GK M x S N 



E 1^) ■ o- 



fc=0 



> 0. 



Before proving the Theorem [2] we give some useful results about oscillatory 
integrals following Stein's book [26] . 



Proposition 3 ([26]) Suppose <p e C k+l ( 

d k ^ 



so that, for some k > 1, 



dv k 



Wv e]a,P[. 



(3.2) 



Then 



< c k 



1 



IAIV* 



holds when 

1. k > 2 or 

2. k = 1 and cf)' is monotonous. 
Furthermore, the bound is independent of A and 0. 



This Proposition can be found in [SB] p 332. Elias M. Stein obtains < 
5 ■ 2 fc_1 — 2 in his proof. Notice that is independent of the length of the 
interval ]a, /3[. For |A| < 1, the bound for the oscillatory integral blows up. 
Indeed, for k — 1, we can relax the monotonous assumption on <fi by the 
following bounds 



|0»|>6>O, Vve]a,P[, g 1 = 2 + r 1 / \<f> n (v)\dv 

J a 

Indeed, integrating by parts and using the inequality 

min(a, (3b) < min(l, (3) max(a, b) for all non negative a, b, j3, we get 



j^dv 



< max(|/? — a\, Ci) • max(l, -) • min(l, — ). 

o A 



Furthermore, the bound given in Proposition [3] blows up for small A, so we 
replace it by the length of the interval and get the following Corollary. 
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Corollary 1 Let 5 > 0. Suppose <p G C fc+1 (R, R) so that, for some k > 1, 

d k 



dv k 



(v) 



>S, 



Vu e]a,P[. 



(3.3) 



Then 



< max(|/3 — a\, cjt) • max(l, -rrrr) minfl 



xw k - 



where Ck is independent of X, <p and ]a, /?[ for k > 2 
andd 1 = 2 + 5- 1 [ \fl'(v)\dv. 

J a 

Notice that, for k > 2, Ck = Ck is given in Proposition [31 

Following Stein's book (Corollary p 334), we obtain the following Proposition. 

Proposition 4 ([26]) Let G W^Qa,^), <\> G C fc+1 (R,R) such that, for 
some 5 > and k > 1, 



d k (j) 



Then 

P 



i,{v)e lM{v) dv 



< 



dv k 

max(|/3 — a\,dk 



>5, Vve]a,P[. 



min(l, (JV*) max(l, (A] 1 /^) 



L°°(]a,P[) + II^'IUhI^DJ ' 



where Ck is independent of X, <fi, ip and ]a, /3[ /or k >2, 
andc x = 2 + cT 1 [ \(j) n (v)\dv . 

J a 

rP 

Proof. This is classically proved in writing the integral / ip(v)e lX ^ v ^dv as 

/ ip(v)I'(v)dv, with i"(t>) = / e lX ^ u 'du, integrating by parts and using the 
uniform estimate for |/(f)| from previous Corollary. □ 

Now we generalize Proposition [4] in the case with parameters and a (^yND) 
like assumption. 

Proposition 5 Suppose P is a compact set of parameter p, A > 0, ifj(u;p) 
belongs to L^(P,W^' 1 (] -A,A[)) and <f>{u;p) G C 7+1 (R U x P p ,R), such that, 
for all (u,p) in K = [—A, A] x P, 



7 

E 

k=l 



du k 



[u-p) > 0. 



(3.4) 



Then, for any ]a, /3[c] — A, A[, 



< oL ■ min 1, 



IAIV7 



ifj(u; P y X(t>[u ' p) du 

L°°(K) + 



d± 

du 



L°°(P,Li(]-A,A[)) 
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where constant d 1 is independent of A and only depends on A, sup 

K 



d 2 



du 2 



1 7 

k=l 



K 



du k 



Proof. Since K is a compact set, we can choose < 5 < 1 such that, 
everywhere on K: 



1 7 

o<*<-£ 

' fc=l 



9* 



(u;p). 



du k 

Let us define the open set Z k = {(u;p), \d*4>(u;p)\ > 5}, for k = 

7 

Necessarily K C [J Z k , and then there exists a partition of unity such that 



fc=i 



^ p k = 1 on _K" and such that the support of is included in Z k . Let us 



fc=i 



define i/j k = p k ijj and I = I x -\ h I 7 where J fc (p) = / ip k (u;p)e lX ^ u ' p 'du. 

J a 

We apply Proposition H] on each where the exponent " ' " denotes d u : 



. max(2A, c fc ) 
Ufc S 



Since for any fixed p and J =] — A, A[, we have 



L°°{J) + Wk(nV)\\^{J) 

PfclU-(j) + Wp'khHj)) (ll^(-,p)IU°°(j) + 



< 

it is enough to take 

^max(2A,c fe ) /,, „ , iiq n \ 

«7 — 2^ H/fc (J|Pfc||L°°(/f) + IIO'uPfcllL^CP.L^J)) J 



A; 

to conclude the proof. □ 

We are now able to prove the second Theorem. 

Proof of Theorem O 

The proof is splitted in three steps. First, we choose a suitable variable asso- 
ciated to D. Secondly, we use Fourier transform with respect to X and solve 
a linear ordinary differential equation with respect to v\. Third, we obtain 
Sobolev estimates for p^ with Proposition [51 

Step 1, change of coordinates: With a suitable choice of orthonormal co- 
ordinates, we assume, without loss of generality that 

D = F-V v = \F\-£- 

OVi 
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where \F\ is the euclidean norm of vector F and v = (v\, t>2, ■ ■ ■ , vm) = {vi] w). 
Notice that the jacobian for an orthonormal change of variables is one, thus the 
estimates on p^ are invariant through such choice for v%. With such notations, 
equation (jl.7p becomes 

b{v)-V x f + \F\^ = g. (3.5) 

Step 2, linear o.d.e.: Denoting by F(f) the Fourier transform of / with 
respect to X, and by Y the dual variable of X, equation (13.5ft becomes 

\F\^-F(f)+z(b(v)-Y)F(f) = F(g). (3.6) 

For almost all fixed Y, we solve an ordinary differential equation with respect 
to V\. For this purpose, we chose the initial Vi, namely v® e]0, 1[, such that 

\Hf)\ 2 iXAMdYdw 

i \F(f)\ 2 (Y;v 1 ;w)dYdwdv 1 . 

JV -+- 1 irp M — 1 

Existence of such is a consequence of Fubini's Theorem. 
Indeed, let /i(t>i) = / / \F(f)\ 2 (Y;v 1 ;w)dYdw > 0. 

Function h is defined almost everywhere, belongs to L 1 (R 1 , 1 ) and satisfies 
H^Hl 1 ^ ) — || /|| £,2 • Since h function cannot be everywhere greater than 

* X,v 

its mean value on ]0, 1[, there exists v9 e]0, 1[ such that h(v?) < / h(vi)dvi, 

Jo 

which confirms ( 13. 7ft . 

We finally write an explicit formula for F(f) with B(v) being a primitive with 
respect to V\ of —b/\F\: 

B(v) = B(vr,w) = - r b -^ldu 



< 



F(f)(Y, Vl ;w) = FUWA^Y B{vyY 

+-^r r F(g)(Y, u; w)e i{B{vi ' w) - B{u ' w)YY du. 
\F\ Jv® 

Step 3, if 1 / 7 estimates with oscillatory integrals: We decompose £></,(£, x) = 
f /(t , M m t wo p arts fr o m the explicit ex^ of ^ in step 

JR M 

2: F(p^) = pf + p g . The first term is 

p f {Y) = [ m i FUW,v°i;w) [ ^(u;w)e w ^ w > Y dudw. 

In this integral, there is an oscillatory integral which is parametrized by w and 
Y = Act with A = \Y\ and a G S N ; it is 

Osc{Y,w) = [ ^{u;w)e iXB{u ' wYa du. (3.8) 
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To use the Proposition [51 we set p = (a, w) which belongs to the compact set 
p = S N x \-A, A] 1 " 1 - 1 with A > 1 > v\ > such that suppip C [-A,A} M . 
Condition (13.41) of Proposition [5] for oscillatory integral (13.81) is 



E 

k=l 



d k B{u; w) 

■ a 



du k 



> 



which is exactly the (jND) assumption for &(.). Thanks to the (jND) as- 
sumption and Proposition [5], there exists a constant L such that for all (Y, w) G 
R d x [—A, A]** -1 , and for all a, /3 such that -A < a < (3 < A, we have 



max 



h\Y\ 1 ^) 



%(u;w)e iXB{u ' w) - a du 



< L. (3.9) 



Using constant L and the compact support of if) we have 

max(l, \Y\^)\p f (Y)\ < L f \J r (f)(Y,v ( {]w)\dw. 

By Cauchy-Schwarz inequality, we get 

max(l,|r| 2 ^)|p / (r)| 2 < (2A) M - 1 L 2 f \F(f)(Y,v° i; w)\ 2 dw. 

Finally, since i>° satisfies (13. 7p . we obtain 

/ max(l,|F| 2 ^)|p / (r)|W < {2A) M ^L 2 f \F(f)(Y,v)\ 2 dvdY, 
which gives pf E H 1 ^ . 

The second term p g is bounded in the same way. More precisely, we set 

p g {Y) = f H(Y,w)dw 

with 

1 rA rvi 

H(Y,w) = — / / F(g)(Y,u;w)e i{B{vr > w) - B{u ' w)) - Y dudv 1 . 

\F\ J -A Jv° 

Using Fubini's Theorem and notation 

V(Y,u\w) = ^{u;w)e iB(u ' w > Y , 
we have another expression of H(Y,w): 

H(Y,w) = l r J^(g)(Y,u ] w)e~ iB ^ w > Y (j%(Y,v 1 ;w)dv 1 jdu 

+ W\ £ 1 A :F (9)(Y,u;w)e- iB ^ w > Y ^J^{Y, Vl] w)dv^ du, 
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where there are two oscillatory integrals / ^(Y, v\\ w)dv\ and / ty(Y,V\\w)dv\ 

Ju J— A 

which are uniformly bounded thanks to inequality (13. 9p . Then we have 

m a x(l,\Y\^)\H(Y;w)\ < J_ J^gW, u; w)\ du. 

With Cauchy-Schwarz inequality, we obtain 

9 AT 2 r A 

m a x(l,\Y\^)\H(Y;w)\ 2 < — J ^(g)(Y,u;w)\ du 
and finally 

max(l,|y| 2 ^)|p fl (y)| 2 < (2A) M ^ 2 ^ M \F(g)(Y,v)\ 2 dv. 

Then p g G H 1 ^ 1 ', thus finally is also in this space, which concludes the proof 
of the Theorem. □ 



4 About non degeneracy conditions 

Theorem [1] and Theorem [2] assume two different non degeneracy conditions 
on vector field a(v) G M , v G supp if) C R M . Those conditions involv e tw o 
parameters, namely a = a a Q G]0, 1] in (11.41) and 7 = j a (.),F G N* in (11.51) . 

directly linked to the smoothing effect for the averaging in H"J^ or H 1 ^. In 
this section, we give some optimal upper bounds for a and I/7 to compare both 
results obtained by different ways. Indeed, for M = 1 and N > 2, Theorem 
[2] gives a better smoothing effect than Theorem [TJ Conversely, when N = M, 
Theorem [1] is stronger than Theorem [2l In this part, we study these various 
properties and in particular, we prove Theorem 3. 

More precisely, let A be positive, we obtain the optimal a and 7, namely 

a opt {N,M) = sup a, 

a(.)eC«»([-A,A]VK£) 

7 0P i(iV,M) = min 7. 

We start by obtaining the easiest estimate which is a lower bound for 7. 
Proposition 6 For all N, M, we have 7 > 7 opt (iV, M) = N + 1. 

Proof. We use notations from Section [3j Following this section, the (jND) 
condition can be rewritten and means that we cannot find a G S N such that 
cr _L 6(f), cr _L Db(v), . . . , a _L D 7_1 6(t>). There are 7 conditions to satisfy. 
Since b(v) belongs to R iV+1 , we necessarily have 7 > N + 1. Indeed iV + 

1 is the minimal possible value for 7. For instance, if D = — — , b(v) = 

OVi 

(1, Vi, v 2 , • ■ ■ , uf), with u = (fx, u 2 , • • • , v M ), we have j opt = N + 1. □ 

The optimal a is more difficult to get and it is obtained in the following 
subsections, see also [19]. The evaluation of exponent a also implies new 
asymptotic expansions involving piecewise smooth functions in |20j . 
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4.1 M = 1, one dimensional velocity 

1 

iV' 



Proposition 7 For M = 1, we have a < a opt (N, 1) = — . 



To obtain this optimal a for M — 1, we need some other notations and the 
following r esul ts. The proof of Proposition [7] is achived at the end of this 
subsection 14.11 

Let (p G C°°([a, b],R) and v G [a, b], the multiplicity of on f is defined by 

m v [v} = ini{k G N, ip( k \v) ^ 0} GN = NU{+oo}. 

It means that if k = then p>( k '(v) ^ and ipV'(v) = for j = 0, 1, • • • , k — 1. 
For instance m^v] = means y?(t>) ^ 0; m^[t>] = 1 means p{y) = 0, v 9 '( t ') 
and m^[f] = +oo means <p^'{v) = for all j G N. 
Set the multiplicity of p on [a, b] by 

m ? = sup m v \v\ G N. 

ve[a,b] 

Notice that the case where <p only belongs to C k , m v is well defined only if 
m*p [v] < k for all v G [a, b] . 

Lemma 1 Let ip G C h ([a, b], K) wift a < b, and 

Z(<p,e) = {ve[a,b), \<p(v)\<e}. 
If my is well defined (m^ < k) then there exists C > such that, for all e > 0, 

meaa(Z(<p,e)) < Ce a with a = — . (4.1) 



meas(Z((/9, e)) 

( Optimality) . 



Furthermore, ifm v is positive, for all p > a, we have hm ^ = +00 



Proof. The case m v = is clear enough since there is no zero in this situation. 
Quantity m 9 is positive simply means that the set Z((p, 0) of roots of ip is not 
empty. Since any root of p has a finite multiplicity, the compact set Z(p, 0) 
is discrete and then finite: Z(p, 0) = {z±, • • • , z u }. For each Zi and /i > 0, let 
Vi(h) be ]zj — h, Zi + /i[n[a, 6]. For any < h < \b — a\, we have 

/i < meas(Vi(/i)) < 2/i. 

For any root Zj, there exists /ij g]0, \b — a\[, > and 5j > such that 

<y/i|** < + h)\ < Ai\h\ k > for all h G ^(/i;), (4.2) 
with ki = m v [zi]. This is a direct consequence of Taylor-Lagrange formula. 
Let V be MVi(ft-i) and e$ = min 1, min |<£>(f)| • By the continuity of <p 

i \ v£[a,b]\V J 
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on the compact set [a, b] \ V, Eq is positive. Then for all < e < £q, we 
have Z((p,e) C V. If e > \(p(zi + h)\ for \h\ < hi, then from (14. 2p . we have 
(e/6i) 1 ' ki > \h\. This last inequality implies for < e < Eo < 1 that Z(cp,e) is 
a subset oi[jVi((E/8i) 1/k ') and then 

i 

meas(i%, £ )) < 2^^)^ < f 2 ^ ^rV^A £ i/*v 

It gives inequality (14. ip . To obtain the optimality of a, let Zj be a root of <^ with 
maximal multiplicity i.e. rn^[zj] = m v = k. Again from (14.21) . Vj((£/Aj) 1 ' k ) is 
a subset of Z(ip,e) for all e e]0,e [. Then we have (e/Aj) 1 ^ < meas(Z(<£>, e)), 
which is enough to get the optimality of a — l/k and concludes the proof. □ 

An upper bound of a opt (N, 1) is a consequence of previous Lemma. 
Lemma 2 For all N, we have a opt (N, 1) < 1/N. 
Proof. For any a(.) G C°°(M. v ,r£) and A > 0, we set 

(p(v;u, a) = a(v) • a — u — b(v) ■ (—u, a) , 

defined for u G with tt G R, (-u, <r) G S^, 6(u) = (l,a(v)) G R^" 1 " 1 

and m = sup JTW.^o-)- 

{-u,a)eS N 

Let i> be fixed, we choose (— u, a) such that m^jt)] > N in order to obtain a 
lower bound for m. 

Since rank{b(v), b' [y ),•••, < AT, there exists (— tt, cr) such that 

u 2 + | cr | 2 = 1 and (— u, a) _L {b(v), b'(v ),•••, Then with such w 

and a, ww. ; u,cr)M > A" which implies m > N and consequently, from the op- 
timality obtained in Lemma [fl we get a < a opt (N, 1) < — . □ 

When function v — > if(v;p) depends on a parameter p, some results are ob- 
tained in the two following Lemma to bound quantity C of Lemma [1] indepen- 
dently of p parameter. 

Lemma 3 Let k > 1, I an interval ofR, G C k (I,R) and 8 > 0. 

If 10 ) | > 5 > /or all x E I then there exists a constant Ck independent of 

0, /, 8 such that 

meas(Z((j),e)) < c k (E/8) 1/k , where Z(4>,e) = {v G I, \<f>(v)\ < e}. 

Proof. Since the result is independent of interval I and of < - fc_1 ' ) (O) sign, let 
us suppose that I = R with \4>( k \v)\ > 8 > on R, and 0( fc ~ 1 )(O) < 0. 

We first treat the case k — 1. If / ('^) stays positive, we have 0(0) + 8v < 0(t>) 
for < v and since 0(0) < 0, there exists a unique c > such that 0(c) = 0. 
In the other case, <j>'(v) stays negative, and we find a unique c < such that 
0(c) = 0. Then \</>(v)\ > 8\v — c| for all v, and \<f>(v)\ < £ implies \v — c\ < e/8 

1. e. Z((f>, s) C [c — £/8, c + e/8]. So the lemma is proved for k = 1 with Z\ = 2. 
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We now prove the Lemma by induction on k. Let us suppose that the case 
k is known. As for k = 1, there exists a unique c such that (f)^ k \c) = 
0. Thus for all v we have > 5\v — c\. Let 77 > and set W = 

Z((j),e) n [c - 77, c + 77], £7 = n (] - 00, c- r?[U]c + 77, +oo[). We have 

me&s(W) < 2t] and by our inductive hypothesis, since \4>^(v)\ > 5|t> — c| > 57/ 
on U, meas(U) < c^e^Srj)) 1 ^ . Now the relation Z{<p,e) — W U U gives 
meas(Z(0, e)) < m{^(2r] + Ck(e/(5r])) 1 ^ k ^j which implies by a simple compu- 
tation of the minimum that meas(Z(0, e)) < Cfc + i(e/5) 1 ^ fc+1 ' ) , where c^+i = 
2 i/(*+i)(jfe + i^i/Cfc+i)-^- 1 /^!) which conc i u des the proof. □ 

Lemma 4 Let P be a compact set of parameters, k a positive integer, A > 0, 
V = [—A, A), K = V x P, <p(v;p) E C°(P,C k (V,R)), such that, for all (v,p) 
in the compact K, we have 



E 



d j (j) 



(u;p) > 0. 



Let Z ((/)(.•, p),e) = {v E V, \4>{v;p)\ < e}, then there exists a constant C such 
that 

sup meas(Z((j)(.;p),e)) < Ce 1/k . 
peP 



Proof. Since K is a compact set, we can choose < 5 < 1 such that, 

1 k &" 

everywhere on K , we have < 25 < — 



k . , 

i=i 



(v;p). 



For each (v;p) E K, there exists an integer i E {1, • • ■ , k}, a number r > 
and an open set O p with p E O p C P such that |<9*0| > 5 on U(v,p) = 
]v — r, v + r[xO p . Therefore, we have 

me&s(Z((f)(.;p),s)r)}v - r,v + r[) < c^e/S) 1 ^ < ce 1/k /5 
using Lemma [3l where c = max q . 

i=l,—,fc 

By compactness of K, there exists a finite number of such sets Uj = U(vj,pj) 

V 

such that Kg I) Uj. Thus, for each p, Z(cj)(.;p),e) intersects at most v 

intervals ]vj — rj,vj + rj[ where Lemma [3] is applied. This allows to write 
meas(Z(0(.; p), e)) < uce l / k /5 for all p and to conclude the proof. □ 

Lemma 5 Let a(v) be the field (v 1 , v 2 , • • • , v N ) then a a i\ = 1/N. 

Proof. From Lemma [2j we have yet ck q < 1/iV. So, we just have to prove 
that a = 1/N satisfies ( II. 4p to conclude. 

For all v, rank{a'(v), • • • , a^ N '(v)} = N, thus it is impossible to find a E S 1 ^^ 1 
such that a _L {a'(v), ■ ■ • , a^ N \v)}. Let cp(v;u, a) be a(v) ■ a — u. Since 
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JV 

diip(v; u, a) = a^\v) ■ a for j > 1, we have everywhere ^ \dif(v ; u, a)\ > 0. 

i=i 

Furthermore, for |w| > l+a max , where a maa; = sup |a(u)|, we have \ip(v; u,a)\ > 

\v\<A 

1 for any v G [—A, A] and a G S 1 . Thus we can apply Lemma H] with 
< e < 1 on the compact set [—A, A] v x [— a max — 1, a maa . + l] u x S^ 1 which 
concludes the proof with a a (.) = 1/iV. □ 

Proof of Proposition [71 With Lemma El we have a opt (N, 1) < 1/iV. From 
Lemma El necessarily a opt (N, 1) = 1/N which concludes the proof. □ 

4.2 M = N 

The case when space dimension is equal to velocity dimension is the most 
physical one and then is very important. In this case, we can get the best 
smoothing effect with a = 1. 

Proposition 8 For N = M, we have a opt {N, N) = 1. 

Proof. Since a < 1, it is enough to find a(.) such that a = 1. 
Let a(.) : — > R% be a global diffeomorphism, A > 0, (w, cr) G and 
<£>(i>) = a{y) ■ a — u. Let Z((p,e) = {\v\ < A, \(p(v)\ < e}. Since Da(v) G 
GLn(r) and cr 7^ 0, then V„y? 7^ and the set Z((p, 0) is empty or a manifold 
of dimension N — 1 . 

Notice that for any t> , there exists (u, cr) G such that a(t> ) • a — u = 0, i.e. 
0) 7^ ^. For instance, let a belong to S N ^ and set u = a{v) ■ a, then 

(u, a) = (u, a) satisfies the conditions. 

V« 2 + 1 

We thus consider that Z(<p, 0) is not empty. 

There exists 5 such that < 5 < \V v (f(v)\ < 1/5 for all \v\ < A,u 2 + \a\ 2 = 1. 

If — v'\ 

Using the mean inequality, we obtain 5\v — v\ < \<p(v) — <p(v)\ < ^ — , 



which implies for all e < 1, with B(x,r) = {y, \x — y\ < r} C M , that 
|J B(z,8e) C%, £ )C |J B(z,e/6) 

z£Z(<p,0) z£Z(<p,0) 

and Z(ip,0) is diffeomorph to a piece of a hyperplane, so meas(Z(<p,e)) is of 
order e. More precisely, there exists a constant C > 0, only dependent on A, 

5 and |pa(.)||B(o,A) such that < C < meas ( Z ^ £ ^ < ^-1. 
Notice that if a(.) is a local diffeomorphism, a is still 1. □ 
Incidentally, we also have a opt (N, M) = 1 for all M > N. 

5 Theorem in the L p framework 

Let us now deal with LP case. It will be an interpolation result of the L? 
obtained bound and an estimate in L 1 using some operators in Hardy spaces. 
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We note 7i 1 (lR Ar+1 ) the Hardy space and W 1 (R JV x R) the product Hardy space 
as done in [2] (see [26] for more details about such spaces). 

We will use the two following Propositions. The first one is an interpolation 
result (see [22], [2] and [5]) and the second one is about multiplier ([2]). 

Proposition 9 (Bezard, Interpolation) LetT be a C-linear operator, bounded 
in 



and in 



L 2 (R t x R N x x R M ,,) -> W P ' 2 (R t x ), 
x R)) — » 7-/ 1 



L 1 (R^ / , 7i l { mN 



/or some 7 > 0. T/ien T bounded 
L p (R t x I 

for 1 < p < 2, with s = 2/3 /p' 



W 



s - p (Kt x r^ ; 



Proposition 10 (Bezard, Multiplier on Ti 1 ) Let m(y,yN+i) be a function 



of (y, y n +i) e 
/or a// a, p, 



X 



which is C°° out of [y = or ?/Ar+i = 0], and verifying 



\dydl + m{y,y N+1 )\< 



a 



a/3 



y\ a \yN+i 



1/3 : 



then m defines a bounded Fourier multiplier on Ti 
Proof of Theorems 4 and 5. 

For Theorem 4 (respectively Theorem 5), we use the averaging lemma of The- 
orem 1 (respectively Theorem 2) which gives that T(f,g) = is bounded 

from L 2 to H^J 2 (respectively H 1 ^ 1 ). 

We now focus on estimate in L 1 . We denote by T the Fourier transform 
with respect to X. Taking this Fourier transform in b(v)-'Vxf J rF(X)-'V v f = g, 
we have 

{J) i(b(v)-Y) 

Let x e x(0) = 1, x'(0) = an d 7^ be an even, non increasing 

function in [0, +00 [. We set L such that suppx C [-L, L}. We have 



f(Y,v) 



-1 



T- 1 



X (b(v) ■ Y)F(f)(Y, v) + (l- X (b(v) ■ Y))F(f)(Y, v) 
X (b(v)-Y)F(f)(Y,vj 

F{g)-F{F-V v f)- 



X(b(v)-Y))- 



i(b(v) ■ Y) 



and then, in order to bound operator / 
bound the three following operators 



f(Y,v)ift(v)dv, we have to 



Q ■ f 



-1 



X (b(v)-Y)F(f)(Y,v) ij(v)dv 



(5.1) 
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and 



R-.f» - It- 1 



-i 



1 - x (b(v) ■ Y) 



i(b(v) ■ Y) 
1 - X (b(v) ■ Y) 



ip(v) dv 



(5.2) 



i(b(v) ■ Y) 



T(F-V v f){Y,v) 



ipiy) dv. (5.3) 



As in the classical case (by this we refer to [2], [5]), we transform the operators 
in order for them to involve only one direction in X. Indeed, the manipulation 
of product structure for Hardy space which depends on a moving direction is 
difficult to deal with. Thus, for any v, we take R v an orthogonal transform in 
R N+1 such that 

b(v) N 



R v 



]b(v)l 



ejv+i, 



where ejq+i is the very last vector of the canonical base, and we set 

MX,v) = f(R-\X),v) 

and 

Q*f* = Qf- 

Since /•—►/* is an isometry on L p Xv , we have now to study Q* instead of Q. 
We perform similar transformations for the two other operators and we get W* 
and R*. 

For the two first operators, as in the classical proof, we have 



and 



\\Qf\\H 1 {R N+1 ) < CII/lli^Kf .T^OR^xR)); 



||W / 5 , ||w 1 (M JV + 1 ) < C||fl'||i 1 (R^,W 1 (R JV ; 



The new term is the third one (operator R). We use the following rewrite of 
R(f) in order to bound it. This is 



(Rf)(Y) 



T~ x [f ■ 

T' x (f- 

f F ■ 



1 - X (b(v) ■ Y) 
i(b(v) ■ Y) 



F-V v F(f)(Y,v) 



ip{v) dv 



F(f)(Y,v) V„ 



1 - x (b(v) ■ Y) 
i{b{v) ■ Y) 



dv 



^y-') 1 7(ff y) y) v ^M*') 

Hf)(Y, «) "*>(&(«) ■ r)V„(6(u) • Y) t£.(t») dv 

M i 

(5.4) 



with 



m (y) 



-yx'{y) - i + x(y) 

iy 2 



(5.5) 
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We denote by T{Rif) and JF(i? 2 /) the two terms of this decomposition. We 
perform as previously orthogonal transformations and we have to study the 
obtained and (-R2)*. 

The term (-Ri)* is the same than W* but with V v ip instead of ip. Thus we have 
the same result thanks to the regularity assumption on ip. 
Now, setting T = m V„, we have 



F ■ 
F ■ 
F ■ 



T- l [F{h){R v {Y),v)T(b{v) ■ Y)j ^(v)dv 
j RM T- 1 ^(f,)(R v (Y) 1 v)T(RMv))-^Y)))^(v)dv 
f- 1 (F(f*)(R v (Y),v)T(\b(v)\e N+1 -R v (Y)))ij(v)dv 



thus, setting Tj = mod v ., we get 

\\(R2)*(f*)\\-H 1 (K N + 1 ) 

I (^(f*)(Rv(X), v) Tj(\b(v)\e N+1 ■ R V (Y) 

3 RM v 

r- l [r{Q{y^)T (Hv)\e N+1 -Y)^ 



< 



< El* 1 , 



< 



H 1 {R N+1 ) 



H 1 



\i/j(v) \ dv 
\t/)(v)\dv, 



\ip(v) \ dv 



using the invariance under orthogonal transformation in TC 
to the continuous injection of Ji 



and thanks 



lfiaN 



x 



in H (R + ) 



We use now Proposition [10] with the term 
mj(y,y N+1 ) = Tj(\b(v)\e N+r Y) = m (\b(v)\y N+1 )d Vj (\b(v)\)y N+1 , for j = 1, 
Those terms rewrite 

a(v) ■ d v a(v ) 



M. 



mj(y,y N +i) = m (\b(v)\y N+1 



\b(v)\ 



•Vn+i- 



Now fflo(z) — *q — therefore m is C°°. The terms in ( 15.51) with \ have 

a compact support and the other term is 1/y 2 , then every derivatives of m is 
bounded at infinity. 

We differentiate rrij with respect to j/jv+i, it gives 



a* t \ a ^ - d vA v ) ( (k)nu m \ 1 j / Mfc 
d^'fe.^+i) = j^yj ( m o (RWjv+i)|&(^)I Vn+i 

+ kmt 1) (\Kv)\y N+1 )\b(v)\ k - 1 

There exists some constants C and Ck such that 

\b(v)\<C, \b{v)\ k ~ 2 \a{v)-d v .a{v)\<C k 
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for v in the compact support of ip. Thus 

d y N+1 m j(y>yN+i)\ \VN+i\ k < C k (Cm ( k) (\b(v)\y N+1 )y N+1 + kmf~ l) (\b(v)\y N+1 ) 

For |yjv+i| > (R + we have (|&(i>)|yiv+i) — for any j, and then 

(|6(^)biV + i)?/iV+i + km i f- 1) (\b(y)\y N+1 ) = for > (R + l)/C. 

Furthermore \rn$ s \\b(v)\y N+ x)y N+1 + km^"^ (\b(v)\y N+1 )\ < \\m { k) W^— — h 

fcllm^^Hoo for \y N +i\ < (R + 1)/C Finally, for any (y,y N+1 ), we get 

d y N+1 m Av^VN+i)\ \VN+i\ k < C k [\\m i k) \\ oo (R+ 1) + fcHmf^HooJ 

uniformly with respect to v in the support of ip. Then, we can apply Proposi- 
tion [10] to get the boundary of (i^)*. 

The interpolation result concludes, since (3 = a/2 (respectively j3 = I/7), that 
the obtained regularity is s = a/p' (respectively s = 2/{^p')). □ 
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